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Abstract
A quasitopological group is an abstract group with topology in which the inversion and all translations are continuous. We show
that a pseudocompact quasitopological group of countable cellularity need not be a Moscow space. Then we present an example of
two pseudocompact quasitopological groups whose product fails to be pseudocompact, and of a pseudocompact quasitopological
group that contains an infinite discrete subgroup.
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1. Introduction
Our aim is to present two examples showing that several well-known results valid for topological groups cannot
be extended to either semitopological groups or quasitopological groups. In a sense, this work continues the study of
semitopological and quasitopological groups initiated in [7,2].
An abstract group G with topology making left and right translations in G continuous is called a semitopological
group. If, in addition, the inversion in the group is also continuous, then G is called a quasitopological group.
The celebrated theorem of Comfort and Ross [4] says that the product of an arbitrary family of pseudocompact
topological groups is pseudocompact. We show in Example 8 that there exist two pseudocompact quasitopological
groups S and T such that the product S×T is not pseudocompact. This answers Question 8 of [2] in the negative. Since
every semitopological (hence, quasitopological) group is a homogeneous space, this result can be also considered as
a complement to an example of a pseudocompact homogeneous space whose square is not pseudocompact [3].
We recall that a space X is called Moscow if the closure of every open subset of X is the union of a family
of Gδ-sets in X. By a theorem in [1], a topological group of countable cellularity is a Moscow space. In fact, the
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jointly continuous). Since pseudocompact topological groups are dense subgroups of compact topological groups
(and compact topological groups have countable cellularity), every pseudocompact topological group is a Moscow
space. Passing to quasitopological groups changes the situation drastically. First, a pseudocompact quasitopological
group can have uncountable cellularity—this follows from Theorem 2 below, with an appropriate choice of a space X.
In fact, one can show that the cellularity of pseudocompact quasitopological groups has no upper bound (this is
implicitly in [2]). Second, according to Example 6 in [2], a pseudocompact quasitopological group can fail to be a
Moscow space. We improve the latter fact and show in Example 7 that pseudocompact quasitopological groups of
countable cellularity need not be Moscow spaces.
Finally, unlike in the case of topological groups, a pseudocompact quasitopological group can contain an infinite
discrete subgroup (see Example 9).
2. Preliminaries
Our arguments make use of certain dense subspaces of topological products, so we present several facts regarding
their properties. The first result is a kind of Gleason’s factorization theorem; its proof can be found in [8].
Theorem 1. Let S be a dense subspace of a product space X =∏i∈I Xi , where each factor Xi is separable. Then
every continuous real-valued function f on S admits a continuous factorization through a countable face of the
product X. In other words, there exist a countable subset J of I and a continuous real-valued function g on πJ (S)
such that f = g ◦ πJ  S, where πJ is the projection of X onto XJ =∏i∈J Xi .
Suppose that X is a topological space and that G is a group acting on X (we assume that for every g ∈ G, the
mapping x → gx is continuous). For each z0 ∈ X, we can define a group operation ∗ on the orbit of z0, Gz0 =
{gz0: g ∈ G}, making
(g1z0) ∗ (g2z0) = (g1g2)z0.
So, the mapping k :G → Gz0 given by k(g) = gz0 is a homomorphism. If G is Abelian, the orbit Gz0, with this
operation and the topology inherited from X, is a semitopological group. From now on, when working with Abelian
groups, we shall use the additive notation. An important special case of this general construction comes when we
consider an Abelian group G, a topological space X, and the space XG of all mappings from G to X with the
product topology (in this case, the pointwise convergence topology of XG). For a ∈ G, f ∈ XG and each x ∈ G, put
sa,f (x) = sa(f )(x) = f (x − a). Then sa(f ) ∈ XG, and s is an action of G on XG called the G-shift on XG. The
mapping sa :XG → XG is called the a-shift of XG, or the shift of XG by a. A mapping f :G → X is called Korovin
mapping and its orbit, Gf , Korovin orbit if for every countable subset M of G and every mapping h :M → X, there
exists a ∈ G such that s(a, f )(m) = h(m) for each m ∈ M . In the case of a Korovin mapping, the homomorphism k
is one-to-one. An important property of a Korovin mapping f is that the image of Gf under the natural projection of
XG onto XB is the whole XB , for any countable subset B ⊆ G and, as a consequence, Gf is Gδ-dense in XG.
The next crucial result was proved by Korovin in [7] (we follow the terminology introduced in [2]).
Theorem 2. Suppose that X is a topological space, G an Abelian group, and 1 < |X|  |G| = c. Then there exists
a Korovin mapping f :G → X and, consequently, there exists a Korovin orbit K = Gf . Further, if the group G is
Boolean, then K is a quasitopological group (which fails to be a topological group).
It follows from the proof of Theorem 2 given in [7] that, for every countable subgroup H of the group G and every
mapping h :H → X, there exists a Korovin mapping f :G → X extending h. This simple observation will be used in
Example 9.
Finally, we need a small piece of terminology. Let X =∏i∈I Xi be the product of a family {Xi : i ∈ I } of topolog-
ical spaces. A Gδ-subset P of X is called canonical if P has the form P =∏i∈I Pi , where each Pi is a Gδ-set in Xi ,
and the set {i ∈ I : Pi = Xi} is at most countable. Evidently, every Gδ-set in X is the union of a family of canonical
Gδ-sets.
All spaces we consider are assumed to be completely regular. The symbol c denotes the power of the continuum,
so that c = 2ω.
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We start with several lemmas, the first of which is almost obvious.
Lemma 3. Let X be a space and κ  1 a cardinal. Suppose that Y is a subspace of Xκ such that πC(Y ) = XC , for
each countable set C ⊆ κ , where πC is the projection of Xκ onto XC . If X is not Moscow, neither is Y .
Proof. It is clear that Y is dense in Xκ . Since X is not Moscow, there exist a non-empty open set U ⊆ X and a point
x ∈ U such that P \U = ∅, for every Gδ-set P in X containing x. Evidently, x /∈ U . Denote by p the projection of Xκ
onto the first factor X(0) = X. Then V = p−1(U) ∩ Y is a non-empty open subset of Y . By our assumption about Y ,
there is a point y ∈ Y with p(y) = x. Since p is an open mapping and Y is dense in Xκ , it follows that y ∈ V . We
claim that the set V and the point y ∈ Y witness that Y is not Moscow.
Suppose to the contrary that there exists a Gδ-set Q in Y such that y ∈ Q and Q ⊆ V . By the definition of the
product topology of Xκ , there exists a canonical Gδ-set P in Xκ such that y ∈ P and P ∩ Y ⊆ Q. It follows from the
choice of P that p(P ∩Y) ⊆ p(Q) ⊆ p(V ). Since Y fills all countable faces in Xκ and, hence, p(P ∩Y) = p(P ) = P0
is a Gδ-set in X, we have that
x = p(y) ∈ p(P ∩ Y) = P0 ⊆ p(V ) ⊆ U.
Therefore, x ∈ P0 ⊆ U , which contradicts our choice of U and x. 
Our aim is to refine Novák’s construction of two countably compact subspaces of βω whose product is not pseudo-
compact [6, Example 3.10.19]. We will do it in two steps. As usual, βω is the Stone– ˇCech compactification of the
countable discrete space ω.
Lemma 4. Suppose that Y is a subset of βω \ ω satisfying |Y | c, and Z = βω \ Y . Then the space Zω is countably
compact.
Proof. It suffices to show that if M is an infinite subset of Zω , then there exists an accumulation point x of M in
(βω)ω such that no coordinate of x is in Y . Taking an infinite subset of M , if necessary, we may assume that the set
M is countable and discrete. For n ∈ ω, let pn : (βω)ω → βω be the projection onto the nth factor. It is clear that the
set C =⋃∞n=0 pn(M) is disjoint from Y . One can easily define by induction a decreasing sequence {Mn: n ∈ ω} of
infinite subsets of M satisfying the following conditions for each n ∈ ω:
(a) Either |pn(Mn)| = 1 or pn(Mn) is an infinite discrete subset of βω;
(b) If pn(Mn) is infinite, then the restriction of pn to Mn is a one-to-one mapping.
Choosing pairwise distinct points xn ∈ Mn, we obtain an infinite subset X = {xn: n ∈ ω} of M with the following
properties:
(c) If pn(X) is finite, then there exists a finite set F ⊆ X such that |pn(X \ F)| = 1;
(d) If pn(X) is infinite, then there exists a finite set F ⊆ X such that pn(X \ F) is a discrete subset of βω and the
restriction of pn to X \ F is a one-to-one mapping.
Since M is discrete and X ⊆ M , it follows from (d) that the restriction of pn to X\X is a homeomorphic embedding
of the compact space X \X into βω, provided that pn(X) is infinite. It remains to consider two possible cases.
Case 1. The set pn(X) is finite, for each n ∈ ω. Then Kn = pn(X) ⊆ pn(M) ⊆ C, so K =∏n∈ω Kn is a closed
subset of (βω)ω , and all accumulation points of the infinite set X lie in K ⊆ Cω. Therefore, we can take x to be an
arbitrary accumulation point of X in K .
Case 2. The set pn(X) is infinite, for some n ∈ ω. Denote by A the set of all n ∈ ω with this property. Then A = ∅
and, therefore, the set X has the cardinality 2c. As we mentioned above, the restriction of pn to X \X is a one-to-one
mapping, for each n ∈ A. Therefore, for such an n, there exist at most c points x ∈ X \ X with pn(x) ∈ Y . Since
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pn(x) ∈ pn(X) ⊆ C, for each n ∈ ω \A. Since C ∩ Y = ∅, the point x is as required. 
The next lemma is crucial for constructing both of our examples.
Lemma 5. There exist subspaces X and Y of βω satisfying the following conditions:
(1) X ∩ Y = ω;
(2) |X| = |Y | = c;
(3) the spaces Xω and Yω are countably compact.
Proof. Take an arbitrary subspace Y of βω such that ω ⊆ Y , |Y | = c, and Yω is countably compact (the existence of
such a space Y will also follow from our construction of the space X given below).
To construct X ⊆ βω, we argue as follows. Suppose that, for a given ordinal α < ω1, we have defined an increasing
sequence {Xβ : β < α} of subsets of Z = βω \ (Y \ ω) such that X0 = ω and |Xβ | c, for each β < α. Then the set
X˜α =⋃β<α Xβ has cardinality at most c and is disjoint from Y \ ω. Hence, the family Fα of all countably infinite
subsets of (X˜α)ω also has the size c. Apply Lemma 4 to choose, for every M ∈ Fα , an accumulation point x(M) for
M in the countably compact space Zω. Then we put Xα = X˜α ∪⋃{coord(x(M)): M ∈ Fα}, where coord(x) is the
countable set of coordinates of a point x ∈ (βω)ω . Evidently, we have that |Xα| c and Xα ∩ Y = ω.
The set X =⋃α<ω1 Xα has the size at most c and X ∩ Y = ω. It remains to verify that Xω is countably compact.
Let M be a countable infinite subset of Xω. Clearly, there exists α < ω1 such that M ⊆ (Xα)ω . It follows from our
construction that M has an accumulation point x(M) ∈ (Xα+1)ω ⊆ Xω, so that Xω is countably compact. We conclude
that X and Y satisfy conditions (1)–(3) of the lemma. 
Lemma 6. Let Y be a countably compact subspace of βω such that ω ⊆ Y . Then the space Y 2 is not Moscow.
Proof. Since Y is countably compact, it follows that no point in Y \ ω is of type Gδ in Y . Clearly, Y is Gδ-dense
in βω. Take a point x ∈ Y \ω and put X1 = ω ∪ {x} and X2 = Y \ {x}. Observe that X1 ×X2 is Gδ-dense in X1 × Y .
Define Z = (X1 ×X2)∪ {(x, x)}. It is also clear that X1 ×X2 is Gδ-dense in Z.
Suppose to the contrary that Y 2 is a Moscow space. Since Z is dense in Y 2, it is also a Moscow space. It follows
from X1 ∩ X2 = ω that the set U = {(n,n): n ∈ ω} is closed in X1 × X2. Therefore, the set V = (X1 × X2) \ U is
open in X1 × X2. The set U is also open in X1 × X2. Since X1 × X2 is open in Z, it follows that the sets U and V
are open in Z. Clearly, U and V are disjoint, and (x, x) ∈ U ∩ V . Since U ∪ V = X1 ×X2, and U and V are disjoint
open sets, it follows that {(x, x)} = U ∩ V (the closures are taken in the space Z). Therefore, (x, x) is a Gδ-point in
Z. This contradicts the fact that X1 ×X2 is Gδ-dense in the space Z. 
Example 7. There exists a pseudocompact quasitopological group K of countable cellularity such that the space K
is not Moscow.
To construct such a group K , apply Lemma 5 and take a subspace X of βω such that ω ⊆ X, |X| = c, and Xω
is countably compact. Then, by Lemma 6, the space X2 is not Moscow. Let B be an arbitrary Boolean group of the
cardinality c. By Theorem 2, there exists a Korovin orbit K in XB . Let us show that K is as required.
First, the space K is pseudocompact. Indeed, let f be an arbitrary continuous real-valued function on K . By
Theorem 1, we can find a countable set C ⊆ B and a continuous real-valued function g on πC(K) such that f =
g ◦πC K , where πC :XB → XC is the projection. It follows from the definition of Korovin orbits that πC(K) = XC ,
so f (K) = g(XC) is a compact subset of the reals. Therefore, the function f is bounded, and we conclude that Y is
pseudocompact.
Since X is separable and |B| = c, we conclude that XB is also separable. Hence, the cellularity of the dense
subspace K of XB is countable. By Theorem 2, G is a quasitopological group, and by Lemma 3, the space K is not
Moscow.
The construction of our second example is based on similar ideas.
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compact.
Our construction of S and T goes as follows. Take two subspaces X and Y of βω satisfying the conditions of
Lemma 5. Denote by B any Boolean group of cardinality c and take Korovin orbits S and T in XB and YB , respectively
(they exist, by Theorem 2). By our choice, the spaces S and T are quasitopological groups (we apply Theorem 2 once
again). According to Theorem 1, the spaces S and T are pseudocompact. Since X is a continuous image of S and Y
a continuous image of T , the product X × Y is a continuous image of S × T . However, since X ∩ Y = ω, the space
X × Y contains an infinite discrete family of non-empty open sets (a copy of ω). Hence, neither X × Y nor S × T is
pseudocompact.
As is well known, every discrete subgroup N of a quasitopological group G is closed in G. Furthermore, if G
is a topological group, then there exists an open neighbourhood V of the identity e in G such that the family of
open sets {xV : x ∈ N} is discrete in G—it suffices to take symmetric open neighbourhoods U and V of e satisfying
U ∩N = {e} and V 4 ⊆ U . In particular, if the group G is pseudocompact, then every discrete subgroup of G is finite.
Our last example shows that the latter statement is no more true for pseudocompact quasitopological groups.
Example 9. There exists a pseudocompact quasitopological group K that contains an infinite discrete subgroup.
This time the mere existence of Korovin orbits (see Theorem 2) does not suffice; we have to construct one with the
required properties. Let G be a Boolean group of the cardinality c and X = {a} ∪ {bn: n ∈ ω} a convergent sequence
with the limit point a. Hence, X is an infinite compact space with a single non-isolated point.
Take an arbitrary countable infinite subgroup H of G. Let h be a one-to-one mapping of H to X \ {a}. It fol-
lows from our observation made after Theorem 2 that h can be extended to a Korovin mapping f :G → X. Hence,
K = Gf ⊆ XG, with the subspace topology, is a pseudocompact quasitopological group. It remains to note that the
infinite subgroup Hf of K is discrete. Indeed, if e is the neutral element of G, then f (e) = bn, for some n ∈ ω. Then
U = {x ∈ XG: x(e) = bn} is open in XG and f ∈ U . Take an arbitrary element b ∈ H , b = e. Since h :H → X is
one-to-one, we have that sb(f )(e) = f (e − b) = f (b) = f (e) = bn and, hence, sb(f ) /∈ U . Clearly, each element of
Hf has the form sb(f ), for some b ∈ H . Therefore, we proved that U ∩ Hf = {f }. Since f plays the role of the
neutral element of K , the subgroup Hf of K is discrete.
The following problems concerning quasitopological groups remain open.
Problem 1. Does there exist in ZFC a pseudocompact quasitopological (semitopological) group G such that G × G
is not pseudocompact?
Problem 2. Does there exist a separable pseudocompact quasitopological (semitopological) group that fails to be a
topological group (or even to be a Moscow space)?
Problem 3. Is it true that every pseudocompact quasitopological group G of countable tightness must be a topological
group? What if G is sequential?
Problem 4. Is every countably compact Hausdorff quasitopological group a topological group?
The affirmative answer to the previous problem would mean that the problem below is quite a difficult one (and, in
fact, goes back to Comfort and Ross’ [4] and van Douwen’s [5]).
Problem 5. Can one find in ZFC countably compact Hausdorff quasitopological groups S and T such that the product
S × T is not countably compact?
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